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Abstract
A set A in a topological space X is called κ-closed if B ⊂ A whenever B ⊂ A and |B| < κ .
A κ-hole in X is a maximal centered family of κ-closed sets which is both κ-complete and free.
A family S of finite subsets of X is called κ-closed if u∪ {x: u∪ {x} ∈ S} is κ-closed in X for every
u ∈ [X]<ω .
Theorem 1. If the T1 space X has a κ-hole and S ⊂ [X]<ω is κ-closed for an uncountable regular
cardinal κ , then either there is a set Y ∈ [X]κ with [Y ]<ω ∩ S = ∅ or there are n ∈ ω and Z ∈ [X]κ
with [Z]n ⊂ S.
Theorem 2. If κ = cf(κ) > ω, X is an initially < κ-compact T1 space and U is an open cover of X
such that for every A ∈ [X]κ there is a setB ∈ [A]<ω with o(B,U) < κ (i.e., |{U ∈ U : B ⊂U}|< κ),
then U has a finite subcover.
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Let us start with a few simple definitions. A set A ∈ X in a topological space will be
called κ-closed for some cardinal κ if for every B ∈ [A]<κ we have B ⊂ A. The reader
should be warned that this terminology is somewhat non-standard, as some authors call A
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κ-closed if B ⊂ A whenever B ⊂ A and |B| κ , i.e., when A is κ+-closed according to
our present terminology.
Now, we shall call a maximal centered collection F of κ-closed sets in X a κ-hole if F
is both κ-complete and free, i.e., the intersection of fewer than κ many elements of F is
always nonempty but
⋂F = ∅.
Finally, if S ⊂ [X]<ω, i.e., S is a family of finite subsets of X, then S is said to be
κ-closed if for every u ∈ [X]<ω the set u ∪ A(u,S) is κ-closed, where A(u,S) = {x ∈
X: u∪ {x} ∈ S}.
Examples. (1) Let X be any T1 space and U be any family of open subsets of X. For any
set B ⊂X the order o(B,U) of B with respect to U , is defined by
o(B,U)= ∣∣{U ∈ U : B ⊂U}∣∣.
Then, for any fixed regular cardinal κ ,
S = {s ∈ [X]<ω: o(s,U) < κ}
is κ-closed.
(2) Let 〈X,〉 be any metric space and define S ⊂ [X]<ω by
s ∈ S ⇐⇒ |s| · diam(s) 1.
It’s easy (and thus left to the reader) to verify that S is (ω1)-closed. Of course, in a metric
space ω1-closed sets are just closed.
We can now formulate our main result, which is the following topological partition
theorem.
Theorem 1. Let κ be an uncountable regular cardinal and X be a T1 space with a κ-hole
F and S be a κ-closed family of finite subsets of X. Then either there is a set Y ∈ [X]κ
with [Y ]<ω ∩ S = ∅, or there are n ∈ ω and Z ∈ [X]κ such that [Z]n ⊂ S.
For the proof of Theorem 1 we shall need a preparatory definition and two lemmas.
Let us fix n ∈ ω and then define S(k) for 0 k  n as follows.
First, let S(n) = S ∩ [X]n, and if k < n and S(k+1) is already defined then let
S(k) = {u ∈ [X]k: u∪A(u,S(k+1)) ∈F}.
Lemma 1. For every k  n the family S(k) is κ-closed.
Proof. Let us first show that S(n) is κ-closed. Pick u ∈ [X]<ω, if |u| = n− 1 then clearly
A(u,S(n))= ∅, and we are done because u is closed (remember that X is T1). If, however,
|u| = n− 1 then we have u∪A(u,S(n))= u∪A(u,S) which is κ-closed by assumption.
Now, assume k < n and S(k+1) has already been shown to be κ-closed. Again, if
u ∈ [X]<ω and |u| = k−1 then A(u,S(k))= ∅ and we are done as above. So let |u| = k−1,
what we have to show in this case is that if B ∈ [A(u,S(k))]<κ then B ⊂ u ∪ A(u,S(k)).
For every x ∈ B fix Fx ∈ F such that Fx ⊂ A(u ∪ {x}, S(k+1)). This is possible because
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x ∈ A(u,S(k)) means that u ∪ {x} ∈ S(k), i.e., u ∪ {x} ∪ A(u ∪ {x}, S(k+1)) ∈ F , here we
use that F is free. Since F is κ-complete and |B|< κ , we have
F =
⋂
{Fx : x ∈ B} ∈F
as well. Thus B ⊂ u∪A(u,S(k)) will follow if we can show that
F ⊂A(u∪ {y}, S(k+1)), hence y ∈A(u,S(k)),
whenever y ∈ B \ (u∪B).
To see this, let y ∈ B \ (u ∪ B); if z ∈ F is fixed, then z ∈ Fx ⊂ A(u ∪ {x}, S(k+1)),
hence u ∪ {z, x} ∈ S(k+1) for all x ∈ B . In other words, we have B ⊂ A(u ∪ {z}, S(k+1)),
consequently y ∈ A(u ∪ {z}, S(k+1)) because S(k+1) is κ-closed. This, in turn, means that
u∪ {y, z} ∈ S(k+1), i.e., z ∈A(u∪ {y}, S(k+1)), and the proof is completed. ✷
Lemma 2. Let λ be a regular cardinal bigger than 2|X| (henceF ∈H(λ)) and M1, . . . ,Mn
be elementary submodels of H(λ) such that κ,X,F , S ∈M1 moreover Mi ∈Mi+1 and
Mi ⊂Mi+1 for i < n. Assume also that we have points x1, . . . , xn such that xi ∈⋂(Mi ∩
F)∩Mi+1 for i < n and xn ∈⋂(Mn ∩F), moreover {x1, . . . , xn} ∈ S. Then for all k  n
we have {x1, . . . , xk} ∈ S(k), in particular, ∅ ∈ S(0).
Proof. First note that, asF is free, we must have xi /∈Mi for all i  n, hence the xi are dis-
tinct, consequently we have {x1, . . . , xn} ∈ S∩[X]n = S(n). Now, assume that k < n and we
have shown already that {x1, . . . , xk+1} ∈ S(k+1). Then xk+1 ∈ A({x1, . . . , xk}, S(k+1)) ∈
Mk+1, hence as by Lemma 1 the set Hk = {x1, . . . , xk} ∪ A({x1, . . . , xk}, S(k+1)) is
κ-closed and meets every element of Mk+1 ∩ F and so, by elementarity, every element
of F , we conclude that Hk ∈F , consequently {x1, . . . , xk} ∈ S(k). ✷
We may now turn to the proof of our partition theorem.
Proof of Theorem 1. Let λ be as in Lemma 2 and
⇀
M= 〈Mα : α ∈ κ〉 be a κ-sequence of
elementary submodels of H(λ) such that
(i) κ,X,F , S ∈M0;
(ii) 〈Mβ : β ∈ α〉 ∈Mα for all α ∈ κ ;
(iii) |Mα| |α| +ω for α ∈ κ .
It is standard to construct such an
⇀
M , moreover it easily follows from (ii) and (iii) that
both Mβ ∈Mα and Mβ ⊂Mα if β ∈ α ∈ κ . Because F is κ-complete and by elementarity,
for every α ∈ κ we can choose a point xα ∈⋂(Mα ∩F)∩Mα+1. Since F is free we must
have xα /∈Mα , hence the xα are pairwise distinct.
Consider the set Y = {xα: α ∈ κ}. If [Y ]<ω ∩ S = ∅ then we are done. So assume
that there are α1 < α2 < · · · < αn < κ such that {xα1, . . . , xαn} ∈ S. Note that then the
elementary submodels Mα1 , . . . ,Mαn and the points xα1, . . . , xαn satisfy all the conditions
of Lemma 2. Consequently we have ∅ ∈ S(0).
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Next we define by transfinite recursion on α ∈ κ points zα in such a way that the
following inductive hypothesis (Iα) be satisfied for Zα = {zβ : β ∈ α}:
[Zα]k ⊂ S(k) for all k  n.
Note that ∅ ∈ S(0) is just equivalent to (I0). Now assume that Zα has been defined already
and (Iα) is valid. Then for every set s ∈ [Zα]k with k < n we have s ∪A(s,S(k+1)) ∈ F ,
hence there is some Fs ∈F with Fs ⊂ A(s,S(k+1)). Clearly, then s ∩ Fs = ∅. Now, since
F is κ-complete, we can find a point zα such that
zα ∈
⋂{
Fs : s ∈ [Zα]<n
}
,
and, by the above remark, zα /∈ Zα . Moreover, it is obvious that (Iα+1) will be satisfied.
Consequently, the recursion goes through and it is obvious that Z = {zα: α ∈ κ} satisfies
[Z]n ⊂ S(n) ⊂ S and the proof is completed. ✷
Let 〈X,〉 be a separable metric space and consider the (ω1)-closed family S from
Example 2, i.e., s ∈ S iff |s| · diam(S)  1. Then any uncountable set Y ⊂ X has a limit
point x in X. Fix y ∈ Y , y = x and add to y sufficiently many further points from Y ,
all very close to x . Then we get a finite subset s ⊂ Y with s ∈ S. Also, for any n > 0 if
s ⊂ B(x,1/2n)∩ Y and |s| = n then clearly s /∈ S. (For n= 0 note that ∅ /∈ S.) This shows
that the assumption of the existence of a κ-hole in X cannot be omitted from Theorem 1.
Let us now turn to applying Theorem 1 to open covers of initially < κ-compact spaces
(i.e., spaces with the property that every open cover of size < κ has a finite subcover).
Note that for κ = ω1 these are just the countably compact spaces and our next result in
this case strengthens Aquaro’s theorem from [1] (see also [3, 3.12.23]) saying that a point
countable open cover of a countably compact T1 space has a finite subcover and Klimó’s
Theorem 15 from [5] saying that an open cover in a countably compact space has a finite
subcover provided that every infinite subset has a finite subset of finite order with respect
to the cover.
Theorem 2. Let κ be an uncountable regular cardinal and X be an initially < κ-compact
T1 space. If U is an open cover of X such that every subset A⊂X with |A| = κ has a finite
subset B ∈ [A]<ω with o(B,U) < κ then U has a finite subcover.
Proof. Let us put
Q= {x ∈X: o(x,U) < κ},
then obviouslyQ is κ-closed in X and therefore is also initially < κ-compact. Since κ > ω,
X is countably compact and so, as is well known, there is a finite subset P ∈ [Q]<ω such
that ⋃
{U ∈ U : U ∩ P = ∅} ⊃Q.
By the choice of Q, however, |{U ∈ U : U ∩ P = ∅}|< κ , hence, by hypothesis, there is a
finite subfamily U0 ∈ [U]<ω such that Q⊂⋃ U0.
Let us now put X0 = X \⋃ U0. If X0 is compact then we are clearly done. Otherwise
we claim that X0 has a κ-hole. Indeed, if X0 is not compact then there is a free maximal
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centered family of closed sets in X0, say F0. Now extend F0 to a maximal centered
family F of κ-closed sets in X0. Then F will be both free and κ-complete, the latter
because X0 is initially < κ-compact, being closed in X.
Let us now define the family S ⊂ [X0]<ω by the following stipulation:
for s ∈ [X0]<ω, s ∈ S ⇐⇒ o(s,U) < κ.
Now, just as in case (1) of our examples, it is straight–forward to prove that S is κ-closed,
in fact for each s ∈ [X0]<ω we have even that A(s,S) is κ-closed, hence so is s ∪A(s,S).
Thus we may apply Theorem 1 to the space X0 and the family S and because, by
assumption, [Y ]<ω ∩ S = ∅ for each Y ∈ [X0]κ we conclude that there are some n ∈ ω and
Z ∈ [X0]κ such that [Z]n ⊂ S. Now, let H ∈ [Z]ω be arbitrary and x be an accumulation
point of H , it exists because X and hence X0 are countably compact. But then x ∈ U ∈ U
imply |U ∩H | = ω, hence there is some set s ∈ [U ∩H ]n. Consequently we have
{U ∈ U : x ∈ U} ⊂
⋃{{U ∈ U : s ⊂U}: s ∈ [H ]n},
which by [H ]n ⊂ S and |[H ]n| = ω < κ = cf(κ) implies o(x,U) < κ . This, however,
contradicts that x /∈Q and thus shows that X0 must be compact. ✷
Next we formulate as a corollary the special case κ = ω1 of Theorem 2 and investigate
several variations and possible strengthenings of it.
Corollary 1. If X is a countably compact T1 space and U is an open cover of X such that
every uncountable subset of X has a finite subset of countable order with respect to U then
U has a finite subcover.
The sharpness of this result is demonstrated by the following example which shows that
the version of Corollary 1 in which every uncountable subset of X has a countable subset
of finite (even zero) order is already not provable.
Example 3. Let X be an uncountable and locally countable T3 space that is both countably
compact and hereditarily separable, e.g., Ostaszevski’s space from [6] constructed under ♦
or the space from [4] constructed under CH + (t). The family B of (automatically
countable) compact open sets inX then forms a base ofX such that if Y ⊂X is uncountable
and D ∈ [Y ]ω is dense in Y then clearly o(D,B) = 0. On the other hand, because each
element of B is countable, no finite (or countable) subfamily of B covers X.
We do not know if there is a ZFC example of a countably compact T1 space X with
an open cover U such that every uncountable subset of X has a countable subset of finite
order with respect to U but U has no finite subcover.
Our next result needs a variation on the concept of the order of a set with respect to a
family that we define below.
Let U be a family of subsets of a set X and let A⊂X, then we define
o˜(A,U)= ∣∣{U ∈ U : |A∩U | ω}∣∣.
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Clearly, if A is infinite then we have
o(A,U) o˜(A,U),
consequently the following result is a variation of Corollary 1 into the direction of the
strengthening ruled out by Example 3.
Theorem 3. If X is a countably compact T1 space and U is an open cover of X such that
every uncountable subset A of X has a subset B ∈ [A]ω with o˜(B,U)  ω then U has a
finite subcover.
Proof. Let us put
Q= {x ∈X: o(x,U) ω},
then, similarly as in the proof of Theorem 2, there is a finite subfamily U0 ∈ [U]<ω such
that Q⊂⋃ U0. We claim that |X \⋃ U0| ω from which the theorem follows easily.
Indeed, otherwise we could find a set B ∈ [X \⋃ U0]ω with o˜(B,U)  ω. Now, if x
is any accumulation point of B then for every U ∈ U with x ∈ U we have |B ∩ U | = ω,
consequently o(x,U) ω, contradicting that x /∈Q. ✷
A very similar argument and the well-known (and folklore) combinatorial fact that if A
is an uncountable family of subsets of ω such that every finite subfamily of A has infinite
intersection then there is an infinite subfamily B ⊂A with infinite intersection, yield the
following variation of Corollary 1.
Theorem 4. Let X be a countably compact T1 space and U be an open cover of X such that
every uncountable subset A of X has a subset B ∈ [A]ω with the property that o(C,U) < ω
for all C ∈ [B]ω. Then U has a finite subcover.
Proof. Define Q and U0 exactly as in the proof of Theorem 3. We claim that, just like
there, |X \⋃ U0| ω.
Otherwise, by assumption, there is a set B ∈ [X \⋃U0]ω such that o(C,U) < ω for all
C ∈ [B]ω. Let x be an accumulation point of B , then x /∈Q implies that Ux = {U ∈ U : x ∈
U} is uncountable, moreover the familyA= {U ∩B: U ∈ Ux} clearly has the property that
the intersection of any finite subfamily of A is infinite. Therefore we also have an infinite
subfamily of A whose intersection, say C, is infinite. But then we have o(C,U)  ω, a
contradiction. ✷
Let us now define one more variation of the order o(A,U): Given A⊂X and U ⊂P(X)
we let
o∗(A,U)= sup{o(B,U): B ∈ [A]ω}.
Again, it is clear that o(A,U) o∗(A,U) for an infinite set A.
Theorem 5. Assume that X is a countably compact T3 (!) space, and U is an open cover
of X such that for every uncountable subset A of X we have o(A,U) < ω and o∗(B) ω
for some B ∈ [A]ω. Then U has a finite subcover.
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Proof. Again, it suffices to show that if X0 ⊂ X is any uncountable closed subspace then
there is a point x ∈X0 with o (x,U) ω.
To see this, first note that if x is any point of X with o(x,U) ω then ψ(x,X)  ω,
i.e., {x} is a Gδ set. Indeed, let V be a countably infinite family of members of Ux = {U ∈
U : x ∈ U}, then since o(A,U) < ω, we must have |⋂V|  ω and clearly {x} is a Gδ in
the countable Gδ set
⋂V .
Now, in a countably compact T3 space every Gδ point has countable character, as is
well known, hence in our case we even have χ(x,X) ω whenever o(x,U) ω.
Next, since X0 is uncountable there is a countably infinite set B ⊂X0 with o∗(B,U)
ω. Let x be any accumulation point of B , we claim that then o (x,U) ω.
Assume, indirectly, that o (x,U) > ω. Then, of course, x is a non-isolated point of X0 of
countable character, hence there is a (non-trivial) convergent sequence S = {xn: n ∈ ω} ⊂
B converging to x . But then every U ∈ Ux contains a final segment of S, and because Ux
is uncountable, uncountably many of them contain a fixed final segment T = {xn: n >N}.
This, however, contradicts
o(T ,U) o∗(B,U) ω. ✷
It turns out that with some extra set-theoretic assumption, namely p > ω1 (or
equivalently MAω1 (σ -centered)), a much stronger result than Theorem 5 can be proved.
Theorem 6. Assume p > ω1 and X be a countably compact T1 space with an open
cover U such that for every uncountable subset A of X there is some B ∈ [A]ω for which
o∗(B,U) ω. Then U has a finite subcover.
Proof. As above, let X0 be an uncountable closed subspace of X and B ∈ [X0]ω be chosen
such that o∗(B,U) ω. If x is any accumulation point of B , we show that o(x,U) ω.
Assume, indirectly, that |Ux | > ω and fix a subfamily V ∈ [Ux]ω1 . Then the family
{U ∩B: U ∈ V} clearly has the property that the intersection of any finitely many members
of it is infinite, hence by p > ω1 it has an (infinite) pseudo-intersection, i.e., there is a
C ∈ [B]ω such that C ⊂∗ U for all U ∈ V . But then there is a finite set a ∈ [C]<ω and an
uncountable subfamily V1 ⊂ V such that C \ a ⊂ U for all U ∈ V1, i.e., o(C \ a,U) > ω
which contradicts o∗(B,U) ω. ✷
Theorem 6 strengthens a result (see Theorem 4.4) from [2] that says the following: If
p > ω1 and a countably compact spaceX has an ω-in-ω base B (i.e., such that o (A,B) ω
for all A ∈ [X]ω) then X is compact. On the other hand, as is also shown in Theorem 4.2
of [2], a countably compact HFD (which exists, e.g., under CH) shows that the assumption
p > ω1 cannot be omitted from Theorem 6, because such an HFD does have an ω-in-ω
base B and is not compact, so any U ⊂ B which covers the space and has no finite subcover
yields a counterexample.
The other conspicuous difference between Theorems 5 and 6 is that the former needs
the regularity of the space X and the latter does not. The following result shows that the
assumption of regularity in Theorem 5 is indeed essential, at least in some models of set-
theory, e.g., under CH.
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Theorem 7. If there is a countably compact T2 space X with an ω-in-ω base B satisfying
conditions (i)–(iii) below then there is another topology τ˜ on X such that X˜ = 〈X, τ˜ 〉 is
also countably compact T2 and has an ω-in-ω base B˜ consisting of countable sets. The
conditions on X are:
(i) |X| = ω1;
(ii) χ(x,X)= ω1 for all x ∈X;
(iii) |A| = ω1 for all A ∈ [X]ω .
Proof. By (i) and (ii) we have w(X) = ω1 as well, hence we may assume that |B| = ω1
and fix a one–one enumeration B = {Bα : α ∈ ω1}. We also set X = {xα: α ∈ ω1} and
Xα = {xβ : β ∈ α} for α ∈ ω1. Then we define for each α ∈ ω1 the set B˜α by
B˜α = Bα ∩Xα.
τ˜ will be the topology generated by {B˜α : α ∈ ω1} and we let B˜ be the family of all (non-
empty) finite intersections of the subbasic sets B˜α .
That τ˜ is T2 follows from (i) and (ii): if α1 < α2 and U1,U2 are disjoint
τ -neighbourhoods of xα1, xα2 , respectively then there are β1, β2 > α2 such that xα1 ∈
Bβ1 ⊂ U1 and xα2 ∈ Bβ2 ⊂ U2, hence B˜β1 and B˜β2 are disjoint τ˜ -neighbourhoods of xα1
and xα2 .
To see that τ˜ is countably compact consider any A ∈ [X]ω and note that if β ∈ ω1 is
such that for every xα ∈ A we have α < β and xβ is a τ -limit point of A then xβ is also a
τ˜ -limit point of A, and by (iii) there is clearly such a β .
Finally, it is obvious that B˜ is an ω-in-ω base of X˜ consisting of countable sets. ✷
Now, the countably compact HFD space X ⊂ 2ω1 with B consisting of the traces on X
of all elementary basic open sets in 2ω1 , constructed under CH (and mentioned above),
clearly satisfy all the conditions required of X and B in Theorem 7, and the space X˜ and
the base B˜ obtained using it indeed show that in Theorem 5 we cannot replace T3 with T2.
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